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QUALITATIVE PROPERTIES OF POSITIVE SOLUTIONS TO NONLOCAL 
CRITICAL PROBLEMS INVOLVING THE HARDY-LERAY POTENTIAL 


SERENA DIPIERRO, LUIGI MONTORO, IRENEO PERAL, BERARDINO SCIUNZI 

Abstract. We prove the existence, qualitative properties and asymptotic behavior of positive 
solutions to the doubly critical problem 

(-A) s n = ^^ I + n 2 :- 1 , u€H s (R N ). 

The technique that we use to prove the existence is based on variational arguments. The quali¬ 
tative properties are obtained by using of the moving plane method, in a nonlocal setting, on the 
whole R N and by some comparison results. 

Moreover, in order to find the asymptotic behavior of solutions, we use a representation result 
that allows to transform the original problem into a different nonlocal problem in a weighted 
fractional space. 


1. Introduction 

In this work we consider the doubly critical equation 

( 1 . 1 ) 


( — A ) s u = + U 2 * 1 


u G H s (R n ) 


with N > 2s, 0 < s < 1, 2* := j^ N 2s and 0 < $ < Ajv, s , where A n >s is the sharp constant of the 
Hardy-Sobolev inequality, that is 

u 2 (x ) 


( 1 . 2 ) 


A N,s / 
JR 1 


12s 


dx < 


[ l£l 2 W«)l s 

Jr n 


d£, for any u G C^(R N ) 


Ir n FI 

where J-(u) denotes the Fourier transform of u. Moreover, 

r 2 (J V±2.) 


A n,s = 2 


2s' 


dV-2s\’ 


r 2 (- 4 / 

where T is the so-called Gamma function. See [2.3] . [6], [15] and [35], 

We denote by S(R N ) the class of all Schwartz functions in R N . Also, for any / G S(R N ), the 
fractional Laplacian of / will be denoted by (—A ) s f, with s G (0,1). Namely, for any x G R^, 

/(*) - f(y) 


(-A ) a f:=c N , a P.V. [ 

Jw 

where the constant cn :S is given by 

1 - cos(£i) 


\x - y \ N+2 ' 


dy, 


(1.3) 

see 0 [16). 


cvs : = 


|^| A+2s 




= 2 2 *-V-f r( 2 


N+ 2s ^ 


|r(-s)| 
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Problem (11,11) can be considered as doubly critical due to the critical power in the semilinear 
term and the spectral anomaly of the Hardy potential. The fractional framework introduces 
nontrivial difficulties that have interest in itself. In this paper we want to show first the existence 
of solutions to problem (CUD and then both qualitative properties of solutions and an asymptotic 
analysis of solutions at zero and at infinity. 

First of all we need to define the natural functional framework for our problem, i.e. we consider 
the following Hilbert space: 

Definition 1.1. Let 0 < s < 1. We define the homogeneous fractional Sobolev space of order s 
as 

H S (R N ) := {u G L 2 *(R N ) : |£| s .F(u)(0 G L 2 (R N )}, 
namely the completion of Cq°(R n ) under the norm 

(i-4) ini %.:=[ iei 2s iJ r («)(oi 2 de- 

Jr* 

By Plancherel’s identity, we obtain an equivalent expression of the norm (11.41) . as the following 
result states 


Proposition 1.2. Let N > 1 and 0 < s < 1. Then for all u G H S (R N ) 

[ l(\ 2 V(um\ 2 d( = c N ,, [ f l “ (l> dxdy, 

Jrk Jrn J k n \x - y\ N + 2s 

where c/v, s is defined in (El- 
See for instance m- 


Remark 1.3. According to Proposition II.if and using a density argument, the inequality in (El 
can be reformulated in the following way: 

(1.5) A NiS j U ^ dx < c N . s / f dxdy, for any u G H S (R N ). 

Jr n FI Jr n Jr n F — V I 

The notion of solutions to (11.11) that we consider in this paper is given in the following definition: 


Definition 1.4. We say that u G H S (R N ), is a weak solution to (11.11) if, for every ip G H S (R N ), 
we have: 


( 1 . 6 ) 



(u(x) 


u(y)){p{x) - tp(y)) 
\x — y\ N + 2s 


dx dy 


^ / T~T^P dx+ / 

Jr n FI Jr n 


. 2 ;—i 


pdx. 


In the local case the problem 

(1.7) - Au = A-^— + u T ~ l inR Ar \{0}, 

FI 

with A G [0, (IV — 2) 2 /4) and 2* := was studied in [M|- The author proves existence, 

uniqueness and qualitative properties of the solutions of problem (11.71) by a clever use of variational 
arguments and of the moving plane method. In particular it has been showed in [34] that the 
solution of (EZD is unique (up to rescaling) and is given by 

(N(N - 2 W a ) {n - 2)/4 

(\x\ 1 ~ rtA (1 + \ X \ 2 VA)){N-2)/2' 


( 1 . 8 ) 
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where 


VA := 1 — 


4A 


1/2 


(N- 2) 2 / 

In the nonlocal setting, in [TO] the authors study the nonlocal problem 
(1.9) (- A) s u = u 2 °- 1 inR^. 

They prove that every positive solution u of (11.911 is radially symmetric and radially decreasing 
about some point xq £ R^ and is given by 


u(x) = c 


t 


(N—2s)/2 


t 2 + \x — Xo| 2 y 

where c and t are positive constants. The authors use the moving plane method in an integral 
form and then they classify the solutions using that in fact problem (11.91) is equivalent to the 
integral equation 


( 1 . 10 ) 


u(x) = 

Jr 1 


\x - y I 


1 iV+2s 

NZ^u{y) N ~^ dy. 


Here we first show that problem (11.11) has a positive solution, according to Definition 11,41 
Namely, we have the following: 

Theorem 1.5. Let 0 < < Ajv, s - Then problem dun has a positive solution. 

In order to prove Theorem 11.51 we deal with a constrained maximization problem (see in 
particular the forthcoming formula (12.11) 1 and then we use the Lagrange multipliers technique to 
get a solution to EH and the main difficulty is to proof the compactness. Moreover, by local 
estimates we have that the positive solutions to EH, are strong solutions in R^ \ {0}. 

The second result that we prove in this paper is the radial symmetry of every solution to EH- 
That is, we have the following: 

Theorem 1.6. Assume that 0 < d < Atv, s and let u be a positive solution to in]) (in the sense 
of the Definition \1.4\ ). Then u is radial and radially decreasing with respect to the origin. Namely 
there exists some strictly decreasing function v : (0, +oo) -A (0, +oo) such that 

u(x) = v(r), r = \x\. 

In the local case such a result is generally proved exploiting the moving plane method which 
goes back to the seminal works of Alexandrov [3] and Serrin [32] . See in particular the celebrated 
papers mm- In the non local case we refer to u ns m ESI [27]. 

Moreover, the presence of the Hardy potential in equation (0) makes difficult to use the 
technique developed in m where the authors exploit the equivalence of EH to an integral 
equation like (jl.lOD . 

For this reason, in order to prove the radial symmetry of every solution to (II. 1|) . we use an 
approach based on the moving plane method in all R w for weak solutions of the equation. 

Finally, we deal with the asymptotic behavior of solutions to EH near the origin and at 
infinity. For this, we use a representation result by by Frank, Lieb and Seiringer, see [15l. In 
this way we are able to work with an equivalent equation of (11.11) . see formula (14.61) and then 
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define a new nonlocal problem in some weighted fractional space. A similar procedure has been 
developed in [2| and [3] in order to solve some different elliptic and parabolic problems. 

In particular, we first provide some regularity results (see Subsections 14.21 and 14.3p . Then, the 
asymptotic analysis is contained in the following: 


Theorem 1.7. Let u £ H S (R N ) be a solution to m- Then there exist two positive constants c 
and C such that 


( 1 . 11 ) 


^| X | 1 -%(1 _|_ \ x 


< u(x ) < 


C 


(1 + \x 


m . 


tN 


\{ 0 }, 


where 

( 1 . 12 ) 


V6 = 1 “ 


N — 2s 


and olq € (0, (N — 2s)/2) is a suitable parameter whose explicit value will be determined as the 
unique solution to equation ra . 


We point out the similarities between formulas (11.81) and (11.111) . Indeed, the parameter rjg in 
Theorem ll.7l plavs the same role as the parameter rjA in the classical problem (11.71) (i.e. when s = 1 
and the fractional Laplacian boils down to the classical Laplacian) both for the behavior near 0 
and at infinity of the solution. 


The paper is organized as follows: in Section[2]we show the existence of at least a solution to (11.11) 
and we prove Theorem [T3J In Section [3] we study the qualitative properties of solutions to (11.11) . 
We provide some maximum/comparison principle and we perform the moving plane method in 
order to get the radial symmetry of the solutions and prove then Theorem II. 61 Finally in Section 
[4] we investigate the behavior of solutions to (11.11) and we prove Theorem 11.71 


Notation. Generic fixed and numerical constants will be denoted by C (with subscript in some 
case) and they will be allowed to vary within a single line or formula. 


2. Existence: the maximization problem and proof of Theorem 11.51 
To prove the existence of a solution to (11.11) we consider the following maximization problem 


( 2 . 1 ) 

where 


S(d) := sup Q(u), 

ueH s (R N )\{0} 


Q(u) ■= 


/ 

Jr 1 


\u\ 2 * s dx 


c n,s r r 
2 7k N J r i 


\u(x) - u(y)\‘ 


dxdy — d 


2 Jrn J r n \x - y\ N + 2 ' 

Let us define the continuous bilinear form C : H s CBL n ) x H 


/ 

Jr 


R N \ x 


12s 


dx 


pJV 


as 


( 2 . 2 ) 


C(u, v ) : = 


CN,s f f 
2 Jrn J r i 


(u(x) - u(y))(v{x) - v(y)) 




\x - y | 


dxdy — d 


f 

Jr 


uv 


R N \ x 


12s 


dx 
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and the quadratic form L : H S (M N ) ->f as 

(2 ,> 

We point out that, for 0 < d < An,s, a direct application of Hardy inequality (see (11.51) 1 shows 
that (Ciyu)) 1 / 2 is an equivalent norm in H(M. N ). We readily note that, by Hardy inequality, we 
have that S{d) < +oo. 

Moreover it easy to see that, if u is a maximum of the problem (12.11) . then all the rescaled 
functions of u of the form 

(2.4) a 2 u \ ) > ^ > 0 

are also solutions to the maximization problem (12.11) . 

To get the existence, we take advantage of some improved Sobolev inequalities, see [2IJJ Theorem 
1.1]. In particular, in the proof of Theorem 11.51 we will use the fact that, for a function u € 
H S (M. N ), we have that 


(2.5) 

where 2/2* < 6 < 1 and 

( 2 . 6 ) 


\u\ 


L 2 *s 


< C\\u 


\ e 

\h b 


11 -6 

\ £2,N—2s 1 


\\£ 2 ,n- 2 s denotes the norm in the Morrey space C 2,N 2s , that is 
RN~ 2s 


\\u\\- c 2,N-2s ■= Slip 


R> 0 ;x£R n \Br{ x )\ JB r (x) 


L 


lul 2 dz. 


Proof of Theorem 11.51 We start finding a maximizing sequence {u n } that consist of radial and 
radially decreasing functions, i.e. v n {x) = v n (\x\) for any x € . In fact, let us first consider a 

maximizing sequence {u n } £ H S (M N ) for (12.11) . Notice that it is not restrictive to assume that 
u n {x) > 0 a.e. in (if not take |n n (x)|). 

Define v n (x ) := u* (x), where by /* we denote the decreasing rearrangement of a measurable 
function / (where / is such that all its positive level set have finite measure), namely 

f*(x) = inf{i > 0 : \{y £ R N : u{y) > t}| < u N \x \ h: }, 


where ujn is the volume of the standard unit IV-sphere. By using a Polya-Szego type inequality, 
see ED], we have that 


CN.s f f 
2 JrN J R 1 


\u(x) — u(y)\ 2 y C N,: 


2 Jrn J r n \x - y\*+' 2s .." 2 

and, by rearrangement properties, we also have that 

■*' 2 * dx. 


f \u\ 2 * dx = f \u*\ 2 * s dx, f 

J r n Jr n Jr 


R N \ x 


dx < 


\u*(x) - u*jy)\- 
\x - y\ N+2s 

r in*) 2 


dx dy 


dx. 


Irn \x\ 


Then the sequence {v n } is also a maximizing sequence (of radial and decreasing functions) 
for (12.11) . Thanks to the homogeneity of (12.31) . we do assume Civ n ) = 1 for all n and 


(2.7) / |^n| 2s dx -A- Sid) >0, as n —>■ +oo. 

Jr n 

Now we are going to show that a suitable rescaled sequence, that we will denote by v n , converges 
to a nontrivial weak limit, that is 


(2.8) 


v n —^ v ^ 0 in H s (R n ) as n —>• +oo. 
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To prove this, we first observe that, from (|2.5I) and (12.71) . we have that 

||u n ||£ 2 ,AT-2 s > C > 0, 

for some C independent of n. 

By (12.6p and the fact that C(y n ) = 1, for any n G N, we get the existence of R n > 0 and 
x n G such that 

(2.9) [ \v n {z)\ 2 dz>C> 0, 

R n JB Rn (x n ) 

for some new positive constant C that does not depend on n. 

Now we define the sequence v n (of symmetric, radial decreasing functions) as 

N—2s 

v n (x) := R n 2 v n {R n x). 

Notice that, by (12. 4p . 

(2.10) / \v n \ 2s dx= \v n \ 2s dx —> S(i!}) >0, as n —> +oo. 

Jr n Jr n 

Moreover, using again the scaling invariance (12.41) . we still have 

(2.11) C(v n ) = 1 


and 

II v n 11^., G C. 

Then, there exists v G H S (R N ) such that, up to subsequences, v n — 1 v in H S (R N ) as n —> +oo. 

Hence, to finish the proof of (12.8|) . it remains to show that 

(2.12) u#0. 

To do this, we change variable in (12.91) and we obtain that 

(2.13) f |D n (x)| 2 dx > C > 0, 

JBl ( Xn ) 

where x n := x n /R n . Now we deal with two cases separately. 

(i) Let us suppose that, up to subsequence, the sequence of points x n —>■ oo. Prom (12.131) 
we infer that for every n there exists a set A n of positive Lebesgue measure, such that 
v n {x) > 0, if x G A n . Since the sequence v n consists of radial and radially decreasing 
functions, we have for all n that 


!|2 J ™ 


■J B2(0) J Bi( 0) J Bi(x n ) 

Therefore, since the embedding of H S (R N ) L p loc , 1 < p < 2* is compact, see 

Corollary 7.2], we deduce that 


m 



> c 


and thus v ^ 0. This shows (12.121) in this case. 
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(ii) Let us suppose up to subsequence x n —> xq. Then, in this case, we fix a compact set 1C 
sufficiently large such that ^(xo) C 1C. Making again use of (12.131) . we have that, for n 
large enough, 


/ \v n (x)\ 2 dx> / \v n (x)\ 2 dx > C > 0. 

■he JBi(x n ) 


Therefore, the L 2 strong convergence on 1C implies that 


L 


v(x)\ 2 > C 


and then v ^ 0. This concludes the proof of (12.121) also in this case. 
Having finished the proof of (12.121) . we obtain (12.81) . 

Now, since {h n } is a maximizing sequence, we can show that actually 

(2.14) v n —» v strongly in H S (R N ). 


In order to prove this, we observe that, recalling (12.21) and (J2.3D . 
(2.15) C{v)+C(v n -v) = l + o(l), 


where o(l) denotes a quantity that tends to zero as n A +oo. Indeed, we have that 
C{v n ) = C{v + v n - v) = C(v) + C{v n - v) + 2C(v, v n - v ). 


Moreover, by ([2.811 

C(v, v n — v) —> 0 as n —> +oo. 

The last two formulas and (12.111) imply (12.151) . 

Furthermore, since v n ^ v a.e. (due to the compact embedding Lf^R^) L r ! , 1 < p < 2*, 
see |16l Corollary 7.2]), by (12.101) and Brezis-Lieb result [8] we have the following 


S(#) 


lim 

n—t+oo 




dx 


lim 

n —>-+oo 


\v\ 2s dx + / \v n — v\ 2a dx 


< 


< 


2 +5(i?)( ri hm o £(f) n -u)) 2 
2j 

S{&)(c{v)+ lim C(v n -v)) 2 <S(d), 

V n—>+oo / 


where we used (12.151) in the last line. Therefore, all the inequalities above have to be equalities. 
Moreover, since v ^ 0, we infer that C{v) = 1 and lim C(y n — v) =0, i.e. v n v strongly in 

n ->-hoo 

H a (R N ) (recall that (£(-)) 1/2 is an equivalent norm in H S (W N )). This shows (12.141) . 

As a consequence of ([2.141) and using the fractional Sobolev embedding, we have that v n —> v 
strongly in L 2 *(M jV ) as well. Also, v turns to be a maximum for (12.11) . 

It is now standard by Lagrange multiplier Theorem to get the existence of a solution to (jl.ll) . 
and so the proof of Theorem 11.51 is finished. □ 


3. Symmetry of Solutions and proof of Theorem 11.61 

In this section we show that all the solution of (11.11) are radial and radially decreasing with 
respect to the origin, as stated in Theorem 11.61 
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3.1. Comparison principles. In this subsection, relying on some results of Silvestre (see Section 
2 in 133 !), we provide maximum/comparison principle that will be useful in the application of the 
moving plane method in the forthcoming Subection 13.21 
For this, we introduce some notations. Let 


(3.1) 


<F(x) 


C 

N-2s 


be the fundamental solution of (— A) s . We denote by T the regularization of constructed in [33] 
(see Figure 2.1 there) and we set, for any r > 1 and for any x £ M. N , 


(3.2) 

and 


r T (s) 


r(f) 

q-N—2S 


(3.3) 7 t(x) ■= (- A) s r T (x). 

The function r r £ C 1,1 (M Ar ) coincides with 4> outside B T ( 0) and it is a paraboloid inside B r ( 0) 
(see Section 2.2 in [33]), that is 

(3.4) r r (s) = $(x) mR N \B T (0) 

(3.5) and T r (x) < <L(x) in B T { 0). 


Moreover, the function y r is strictly positive, thanks to Proposition 2.12 in [33 . 
Furthermore, given a function uj £ H S (R N ) (1 C(Q), we say that u> satisfies 


(— A) s co > 0 in Q, 


if 


o, 

2 Jrn J r n \x - y\ N +* s 

for any nonnegative test function ip with compact support in Cl. 

We denote a point x £ R jV as x = (x\,X 2 , ■ ■ • ,xn) and, for any A £ R, we set 


(3.6) Y,\ := |x £ R N : x± < a| 
and 

(3.7) T x := |x € R n : xi = a}. 
For any A £ M, we also set 


(3.8) 


x x := (2A - xi,x 2 , ■ ■ ■ ,x N ). 


With these definitions we can prove the following maximum principle: 

Proposition 3.1. Let A € R and 12 d T, x be a bounded open set. Let also u £ H S (M . N ) n C(Cl) 
that satisfies 

(— A) s oj >0 in Cl. 

Assume that oj is nonnegative in Ea and odd with respect to the hyperplane T x . 

Then, either uj = 0 in R N or uj > 0 in Cl. 
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Remark 3.2. The proof that we are going to exploit is the one in [33] (see Proposition 2.17). 
Some changes are needed since in our case we do not assume that co is nonnegative in the whole 
space but, for future use, we assume that uj is odd with respect to the hyperplane T\. We could 
say that, in some sense, we agree that co can have a negative part, but the latter has to be not to 
large. 

Proof of Proposition [OJ If u > 0 in 0, then the claim is true. Therefore, suppose that there 
exists a point xo £ Q such that u(x o) = 0. Hence, by [33, Proposition 2.15], we have that, for 
r < dist(xo, <9H), 

(3.9) 0 = ui(xq) > / u(x) 7 T (x — xo) dx , 

Jr n 

where -y T is defined in (13.311 . 

We claim that, for r < dist(xo, dfi), 

(3.10) / iv(x) y T (x — xo) dx > 0 . 

Jr n 

For this, we notice that 

(3.11) y T (x — xo) > 7r(^A — x o) > 0 for any x £ T,\. 

Indeed, if x £ T,\ \ B T (x o), then 

r r (x - x 0 ) - r T (y) 


lr{x - X 0 ) = 


(3.12) 


|x — xo — y\ N+2s 

$(x - x 0 ) - ®(y) 


L 


dy 

dy + [ 

Jr 1 


Hy) - r T ( y ) 


|x - X 0 - ^1^+2* J R N \x - X 0 - y\ N + 2s 

®(y-x 0 ) -T r (y-x_ o) ^ 


dy 


Ib t (xo) \ x ~ y\ N+2s 

where in the last step we have used the fact that is the fundamental solution to (—A) s and (13.4jl 
(all the integrals have to be intended in the principal value sense). Similarly, one has (again in 
the principal value sense) 

$(y~ x o) -rr(y-x 0 ) 

/ B t (x o) 


(3.13) 


7i 


■(XA - ®o) = / 

JB, 


dy. 


|*A - y\ N+2s 

Since |x — y\ < |xa — y\ if x £ \ B t (xq ) and y £ B T (x o), from ([3.1211 and (13.1311 we obtain that 

(3.14) 7 r(x - x 0 ) > 7r(a^A - x o) for any x £ S A \ B T (x 0 ). 

Let now x £ B t (xq). In [33] it has been proved that, for r small, 


(3.15) 


7r(x' - X 0 ) < 


CT 


2s 


for |x / — xo| > 


dist(x 0 , Ta) 


\x'— xq\ n+2s " U| 2 

where c > 0. Notice that, if x £ B r (x o), then ()3.15|) holds for x' := x\. In particular, for r small, 

7t(xa - x 0 ) < C, 

for some positive constant C. Moreover 


1 


7 t (x — x 0 ) = -^71 


X — Xo 


r 
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Now, we choose r sufficiently small such that 


1 

7n 


7i 


X — Xq 


>C, 


T \ T 

and this implies that 

(3.16) 7 T (x — xq ) > 7 T (x\ — xq) > 0 for for any x £ B t (xq) 


Putting together (I3.14|) and (13.16|i we obtain (13.111) . 

Now, in order to prove (13.101) . we write 

/ uj(x) 7 r (x — xo) dx = / ui{x)'y T {x — xq) dx + / ui(x) 7r(iC — xo) dx. 
Jr n J-Ex Jr n \X x 

Therefore, (13.101) is equivalent to show that 

(3.17) / Ld(x) 7r(x — Xo) dx > — / Ul(x) 7r(iC — Xo) dx. 

■h: x Jr. n \E\ 


For this, we recall that uj > 0 in T,\ and it is odd with respect to T\, and so, using (13.111) and the 
change of variable y = x\, we have 


/ Uj(x)'J T (x - Xq) 

J s, 


— Xn) dx > 


/ Lo(x)^r(x\-x 0 )dx 

- / u(xx)'y T (xx - x 0 )dx 

-/ 




u}(y)j T (y - x 0 )dx. 


This implies (13.171) . and therefore (13.101) . 

As a consequence, from (13.91) and (13.101) . we have 


/ oj(x) 7 r(£ — xo) dx = 0 . 

J r n 


Since y r is strictly positive, this implies that u = 0 a.e. in and concludes the proof. □ 


3.2. Radial symmetry of the solutions. In this section we prove that every solution u € 
H s (R n ) to (11.11) is actually symmetric and monotone decreasing around the origin. The proof 
will be carried out exploiting the moving plane method. For the case of bounded domain in the 
nonlocal case we refer to BEMEZI. To do this, we start considering without lost of generality 
the xi-direction. 

For any A £ R, we recall the definitions of Sa and T\ given in (|3.6D and (13.71) . respectively. 
Moreover, we also set, for x = (x\,... ,xn) £ R w and xx defined in (|3.8D . 

ux(x) := u(x a). 

A point in R^ x R^ is denoted by (x, y) with x, y £ R^. 
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With these definitions, we have that, for any ip £ B S (M N ), 


CN,s 

' f f 

(u\(x) 

- U\(y))(<p(x) 


2 

Jr n Jr n 


\x - y\ N + 2s 



CN,i 

' f [ 

{u(x a) 

- u{y\))(p(x) 

,,, 

2 

Jr n Jr n 


\x — y\ N + 2s 



CN,i 

' f f 

{u(t) - 

u(z))(tp(tx) - 


dt dz 

2 

Jr n Jr n 


|*A - Z X \ N+2s 


CN,i 

' f f 

{u(t) - 

u(z))(ip(tx) - 

¥>(«a)) 

dt dz 

2 

JR N Jr n 


1 1 - z\ N+2s 


CN,i 

' f f 

{u{t) - 

u(z))(ipx(t) - 


dt dz 

2 

JR N Jr n 


\t — z\ N+2s 


= */ 

(t)dt + 

/ u 2 * 1 (t)px(t)dt 



'r n 


= i? 


[ 

Jr n 


y^^<p(x)dx+ [ U 2 X S 1 (x)(p(x)dx , 
Fa I JR N 


where the changes of variables t = x\ and z = y\ and (11.61) were used. Notice that, if p £ H s 
then px G H S (M. N ) and so cp\ can be used as a test function in (11.61) . 

As a consequence, u\ is a weak solution to 


(3.18) 


/ a\s q ^A , 2*—1 . th,N 

(-A) U\ = + Uf 111™ 


Fa 


Now we prove the following: 

Lemma 3.3. Let 0 < i? < A n,s and let u be a positive solution to m, in the sense of Defini- 
tion \1.4\ Then 

(3.19) lim u(x) = +cx). 

FI —>-0 

Proof. By the weak Harnack inequality we have that inf u > 6 > 0. In particular, 

b 2 ( o) 

(-A ) s u(x) > T^j, x £ B 2 ( 0). 

Let now w be the solution to the problem 

f (~A) s w(x) = ieBi(0) 

|u;(a:) = 0, x£M. n \Bi( 0). 

By comparison we obtain that u > w in l?i(0). Therefore, in order to prove Lemma 13.31 it is 
sufficient to prove that 


(3.20) 


lim w(x) = Too. 

|x|-X) 
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Cjv . 


For this, we define w(x) := where |x|A) _^ 

Laplace equation. So, for |cc| := 1/n, we have that 


w(x) > C NjS 5 l 
Je 


1 


b t { o) \y\ 2 s \x-y\ N 2s 


is the fundamental solution of the fractional 


dy 


> C 


b t (o) \y\ 2 s {\y\ N ~ 2s + (i/n 


N—2s' 


■ dy +oo 


when n —> +oo, that is, when \x\ —>■ 0. 

Also, we have that w — w is harmonic in f?i(0), and hence bounded in ^^(O) (see e.g. jTTl, 
Proposition 4.1.1] and references therein). These considerations imply (I3.20|) . as desired. □ 


We are now in the position of completing the proof of Theorem 11.61 

Proof of Theorem 11.61 We take A < 0 and we introduce the following function 

13 211 ( u ~ u ^ + ( x ^ if^eS A , 

I (u-ux) (x), if x €R n \S a , 

where (u — u\) + := max{n — u\, 0} and (u — u\)~ : = rriin{u — u Xl 0}. We set 
S x '■= supp w\(x) n £ a , <S a := S A \ <S A , 

\s a )\p a . 


(3.22) 




t,N 


V\ := supp w\(x) n (r N \ S A ^, 

It is not difficult to see that 

(3.23) V\ is the reflection of S\. 

Thanks to Lemma 13.31 we have that there exists p = p{ A) > 0 such that 

u<u x in B p (0 x ) C £ a , 

so that 

(3.24) 0 ^ S\ U V\ and 0 A ^ S\ U T>\ . 

We claim that 


(3.25) w\ = 0 for A < 0 with |A| sufficiently large. 

To prove this, we start noticing that the function w\ defined in (13.2111 belongs to H S (R N ) and so, 
recalling also (13.241) . we can use it as test function in the weak formulations of (11.11) and ()3.181) . 
We have 


(3.26) 

cn,s f f (u(x) - u(y))(w\(x) - w\(y)) 

2 Jrn J r n \x-y\ v+2s 

cn,s f f {u x (x) - u x (y))(w x (x) - w\(y)) ^ 
2 Jrn J r n \x - y\ N + 2s 


d 

d 


/ 7 ^ 0 -WA dx + 

J RN \x\ ZS 

[ T~T^ Wxdx+ f 

Jr n Fa I Jr 


9* _ I , 

u 3 w x dx, 

2*-l ,1 

u x w\dx 
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Subtracting the two equations in (I3.26[i we obtain 


(3.27) 


1 

2 

= i? 

< 


CN,i 


((u(x) - u\(x)) - ( u(y ) - u x (y))j (w x (x) - w x 


u U\ 


RJ v v \ x \ 2s I^aI 2s 

(u - U\) 


I 

Jm 


\x — y\ N+2s 

w\dx+ / (u 2a ~ 1 — u 2 x l )w\dx 


dx dy 


R Af \X 


J C\ 5 (c "| 2 ^ 

2s w x dx + / (u s ~ -u x s )w x dx, 


since |x| > |xa| and w x > 0 in R x , and |x| < |x*| and w\ < 0 outside T, x . On the other hand, we 
have 


(3.28) 


/ / 

Jm N Jm. 1 

I I 

Jm N Jm 1 


((u(x) - U\(x)) - ( u(y ) - U\(y))j (w\(x) - w x 


x) - w x 


\x — y\ N + 2s 


■ dx dy 


dx dy 


+ 


/ / 

Jm N Jm- 


\x — y\ N + 2s 

((u(x) - u x (x)) - ( u(y) - u x (y)) - (w x (x) - w x 


f / 

Jm N Jm 1 


x) -w x 


\x — y\ N + 2s 


■ dxdy + 


/ / 

Jm N Jm 


\x — y\ N + 2s 

G(x,y) 

{ \x - y\ N + 2 ‘ 


■ dx dy, 


x) - w x 


dx dy 


where 


Q{x,y) := ^(u(x) - u x (x)) - (u(y) - u x (y)) - (w x (x) - w x (y))^ (w x (x) - w x 


Now, we prove that 


(3.29) 



G{x,y) 

x - y\ N + 2s 


dxdy > 0. 


To check this, we use the decomposition 


R n xR n = (S X US C X UV X UV C X ) x ( S X US C X UV X UV C X ), 


where S x , S x , V x and V x have been introduced in (13.221) . By construction, it follows that 
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G(x,y) = 

- (u(x) - u x {x))w x (y) 

in (55 x 5 a ), 

G(x,y) = 

- (u(x) - u x (x))w x (y) 

in (S x x V x ), 

G(x,y) = 

- {u(v) ~ u x (y))w x (x) 

in (5 a x5(), 

G(x,y) = 

- {u(y) ~ u x (y))w x (x) 

in (5 a xD(), 

G(x,y) = 

- (u(x) - u x (x))w x (y) 

in (V x x S x ), 

G(x,y) = 

- (u(x) - u x (x))w x (y) 

in (V x x V x ) 

G(x,y) = 

~ {u(y) ~ u x (y))w x (x) 

in {V x x S ' x ), 

G(x,y) = 

- {u(y) - u x (y))w x (x) 

in {V x xV c x ) 

G{x,y) = 0 

elsewhere. 


We have that 
(3.30) 


G(x,y) 

\x — y\ N + 2i 


dxdy + 




G _} x J\N + 2 S dxd y^°- 


\x - y | 


Indeed, notice that, if x G S x and y E S x , then Q(x,y) > 0, and moreover 

G(x,y) = ~(u{x) - u x (x))w x (y) 

= - (u(x) - u x (x)) ( u(y ) - u x (y)) 

= ~{u(x)-u x (x))(u x {y x )-u{y x )) 

= (u(x)-u x (x))w x (y x ) 

= ~G(x,y x ). 

Also, we have that \x — y\ < \x — y x \ in S x x S x . Therefore, using also (|3.23l) . we have 


f f G(x,y) 

Is? Jsi \x - y\ N+2i 


■ dxdy + 


G(x,y) 


/5 a J u a 


, dxdy 

v x \x-y\ N+2s 

G(x,y x ) 


4 L \^-yf +2 ‘ dxdy+ Li 4 i* - »r +2 * 


dx dy 


>S? Js x 


G(x,y) 


1 


1 


J A 

which shows (13.301) . 

Similarly, one can prove that 

f f G(x,y) 

JJst ¥=W^ dxis + 


_\x — y\ N+2s \x — y x \ N+2s _ 


dx dy > 0. 


f f G{x,y) 

Js\ \ x — y\ N+2 ‘ 


LJv,V S W^ ixiv - a ' 


■ dxdy + 


/ / 


G(x,y) 

't>x \x - y\ N+2i 


■ dxdy > 0 




































QUALITATIVE PROPERTIES OF POSITIVE SOLUTIONS TO NONLOCAL CRITICAL PROBLEMS 


15 


and 


/ / 

JVx Js 


G(x,y) 

v x Js f I® - y\ N+2s 


dx dy + 


/ / 

JV X JX 


G(x,y) 

' V c \x-y\ N+2s 


dx dy > 0. 


a ■' u \ 


Collecting the estimates above we obtain (13.2911 . 
Hence, from (13.2811 and (|3.29|) . we deduce that 


(3.31) 


\c N ,( [ 

z Jrn Jr 1 


((u(x) - u\(x)) - (u(y) - u\(y))^J (w x (x) - w\ 


\x - y | 


A+2s 


dx dy 


> 


W / 

1 Jrn J rj 


(w\(x) -w\{y)Y 


dx dy. 


2 1V ’° Jrn Jrn \x - y \ N+2 
Using this, ()3.27ll and the fact that (u — u\)w\ = w x in M. N , we obtain 

(w\(x) - w x (y )) 2 


(3.32) f f 

z Jrn Jri 


\x — y\ N+2s 


■ dxdy < i? [ -—dx + [ 

Jrn \x\ zs Jr 


dx + I (u 2a 1 — u 2 x a 1 )w\dx 


For the first term in the right hand side of (13. 3211 . we use Hardy inequality and we get 


(3.33) 


■& 


J 


w\ 


dx < 


1 ? CAT, 


12s — 


/ / 

Jr n Jri 


(wx(x) - w\{y)Y 


RN \X\‘ b AjV,s 2 Jrn Jrn \x - y\ N+2s 


dx dy. 


For the second term in the right hand side of (13.3211 . we first notice that, thanks to (I3.23H . 


/ u 2a dx= a,‘ dx. 

Js x Jv x 

Moreover, w\ = 0 in S x UD). Therefore, using also Lagrange Theorem and Holder inequality, 
have 


(3.34) 


f ( u 2 * 3 1 — u 2 x 1 )w\dx 
Jrn 


/ ( u 2 * 3 1 — u 2 x a 1 )w\dx+ / ( u 2 * 3 1 — u 2 x 1 )w\dx 

Js x Jt> x 


L 


< C\ I u 2 * 3 2 ■ w\ dx + Ci I u x s * ■ w x dx 


L 


2J-2 2 


<C] [ j u 3 dx 
< C *2 ( / u 2s dx 


gl~g 


2|-2 

2<? 


'S X 


w x dx) + C\ ( / u x dx 


'Vx 


gj-g 


IV X 


uj 2 x dx 


[ u 2 ‘ dx)^- ( [ 

Js x J \J R 1 

<cJ[ u 2a dx) [ [ 

\Jsx J Jr n Jr 


w 2 x dx 


(wx(x) - wx(y )) 2 
\x — y\ N+2s 


dx dy, 


we 


where we have also used the Sobolev embedding (see, for instance, Theorem 6.5 in |l~ 6 j). Notice 
that the constants C i, C 2 and C 3 are positive and independent of A. 
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Collecting the inequalities in (13.321) . (13.331) and (13.341) . we obtain 

(3.35) 


CN,s $ CN,t 


Ajv,s 2 


< C3 ( j u 2s dx 


2 ; 


/ / 

Jr n Jr 1 


(w x (x) - w\(y)) 2 
\x — y\ N + 2s 

(w x (x) - w x {y)) 2 


\x - y\ 


N+2s 


dx dy 
dx dy. 


Since u £ H S (M. N ) (and therefore in L 2 °(M. N )), there exists R > 0 such that for A < —R we 
have 


C, 


L 


u 


2;-2 

dx ) < C 3 


2 * —2 

25 1 ( cn,s 'd cm, : 


j u 3 dx) < - , „ 

) 2^2 A n,s 2 


This and (13.351) give that 


/ / 

Jr n Jr 1 


(w\(x) - w x (y))‘ 2 
\x — y| v + 2s 


dxdy = 0 . 


This implies that w\ is constant and the claim (|3.25l) follows since w\ is zero on {x\ = A}. 
Now we define the set 


A := {A £ R : u < in V/r < A}. 

Notice that (13.251) implies that A 7 ^ 0, and therefore we can consider 

(3.36) A:=supA. 

We will show that 

(3.37) A = 0. 

Let us assume by contradiction that A < 0 . Now, in this case, we are going to show that we can 
move the plane a little further to the right reaching a contradiction with the definition (13.361) . 
First, we prove that 

(3.38) u < u x in T, x . 

Indeed, by continuity, we have that u < u x in (say outside the reflected point of the origin 
O 3 ;). On the other hand, Lemma 13.31 implies that there exists p > 0 such that 

(3.39) u<u~ x in B p (0 x ) C E x . 

We take xo £ \ {0^} and we fix p > 0 such that B p (x 0 ) CSj\ {0),}. 

We set 


u> x := u x - u. 
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Notice that u x € H S (M N ) D C(B p (x o)) and cj x > 0 in H x . Moreover, since |x| > |x^| and u <u x 
in T, x , using the weak formulations of (11.11) and (|3.18l) . we have that 

cn,s f f (u x (x)-u x (y))(<p(x) - <p(y)) j j 
2 \x-y\»+** dXdV 

cn,s f f ju- x (x) - u x {y))(ip(x) - ip(y)) 

2 Jrn J r n \x - y\ N + 2s 

c N,s f r (u(x) - u(y))(<p(x) - <p(y)) ^ 

2 Jrn J r n \x - y\ N + 2s 

= •& [ ip{x) dx + f ife- 1 (x)ip(x) dx 

Jr n Fa I J in 

—i? [ (p(x) dx — [ u 2a ~ 1 (x)ip(x) dx 

Jrn \x\ zs J r n 

> $ [ io <p(x) dx + [ fn? s_1 (x) — rt 2 « _1 (x) N ) tp(x) dx 

Jrn \x\ Zs Jrn \ x ) 

> 0, 


for any nonnegative test function ip with compact support in B p (xq). This implies that 

(~A) s uj x > 0 in B p (x 0 ) 

in the weak sense. Therefore, u x satisfies the hypotheses of Proposition 13.11 and so either u x = 0 
in R^ or u x > 0 in B p (x o). 

If u x = 0 in M N , then u = u x in R^, which contradicts (13.391) . Therefore oj x > 0 in B p (x o), 
which implies that u < u x in B p (xq). Since xo is an arbitrary point in S^\{0^}, this implies (|3.38l) . 

Now, notice that the inequality in (13.351) holds for any A < 0 and the constant C 3 there is 
independent of A. Moreover, since A < 0, there exists £1 > 0 such that A+£ < 0 for any e £ (0, £ 1 ). 
Recalling the notation introduced in (13.21[) and (I3.22p . we consider the function w x+e . Using the 
same notation as above let us consider w x+£ so that 

supp w x+£ = S x+£ U V x+£ . 

Exploiting the fact that u < u x in T, x and the fact that the solution u is continuous in R^ \ {0} 
and (|3.191) . we deduce that: 

given any R > 0 (large) and 5 > 0 (small) we can fix e = e(R, 5) > 0 such that 
(3.40) S x+£ n T, x _ s CR N \ B r { 0) for any 0 < £ < £ . 

We repeat now the argument above using w x , £ as test function in the same fashion as we did 
using w\ and get again 


(3.41) 



_d_CN J s\ f f (w x+£ (x) - w x+£ (y)) 2 
A N,S 2 J J r n J r n \x - y\ N + 2s 



( w \+e(x ) - w- x+£ {y)) 2 

\x — y\ v+2s 


dx dy. 


< C(N, s) 
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Since 


(3.42) 


u 2s dx < 


u 2s dx + 


J A+e 


'^X+e^X-S 


L 


u 2s dx 


S A+e\ S A-(5 


A+e \^\-S 

u 2s dx+ u 2a dx 

J E; 


Jm n \b r ( o) J s x+e \s x _ 5 

for R large and <5 small, choosing e(R, 5) as above and eventually reducing it, we can assume that 


C(N,s) 



$ C N)S \ 

A n,s 2 J ’ 


for C(N,s) given by ()3.41|) . Then from ()3.41|) we reach that w\ +£ 
to (13.361) . Therefore 


A = 0. 


0 and a this contradiction 


Finally, the symmetry (and monotonicity) in the aq-direction follows as standard repeating 
the argument in the (—^indirection. The radial symmetry result (and the monotonicity of the 
solution) follows as well performing the Moving Plane Method in any direction v £ S N ~ 1 . □ 


4. Asymptotic analysis of solutions to equation ED 

In this section we investigate the behaviour of a solution of (11.11) near the origin and at infinity 
and we prove Theorem II.71 


4.1. A representation formula and an equivalent nonlocal problem. In order to study 
the behaviour of the solutions to (ED near the origin and at infinity, we are going to use a 
representation result by Frank, Lieb and Seiringer, in particular equality (4.3) proved in [151 pag. 
935]. We have the following: 


Lemma 4.1. (Ground State Representation) Let 0 < a < (N — 2s)/2 and let u £ Cgf(M. N \ {0}). 
Set also v a (x ) := \x\ a u(x). Then 


(4-1) \cn,s f f — | jv+2s dxd y ~ + ®s,n{o)) f 

2 Jrn J w n \x- y\"+ Zs J RN 

CN, S f f \v a (x) - v a (y)\ 2 dx dy 

2 Jrn J r n \x-y\ N+2s \x\ a \y\ al 

where < h Sj v'(-) is given by 


(4.2) 


$ SjiV (a) = 2 2s 


r(2±2s)r(^) 

F( JV ~ 2 ~ 2 S ) r (f) 


r 2 (^) 

r 2 (^) 


x\ 2s \u(x)\ 2 dx 


Remark 4.2. The result in Lemma \f.l\ in particular shows that he constant A.n,s in the Hardy- 
Sobolev inequality ED is optimal and is not attained. This is the peculiar spectral behavior of 
the Hardy potential, motivated by the fact that the potential |x|^ 2s is in the Marcinkievicz space 

but not in the space L^ C (R N ). See for details Remark f.2 in [15] . 


Also, see [T5] Lemma 3.2], the function <1 ) S) Ar(0 is negative and strictly increasing in (0, (N — 
2 s)/2) with — 2s)/2) = 0, that is 
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Proposition 4.3. [ T5l Lemma 3.2] Consider the function 

N -2s 




s,N 


0 , 


a 


[ 0 , A NjS ] 

'J's.aKoO := h-N,s + ®s,N(oi), 


with 4 , s ! at(-) defined in (|4.2I) . Then ^t s ,N is strictly increasing and surjective. 

Given 9 G (0, Atv, s ) in (11.11) . by Proposition 14.31 it follows the existence of a unique a G 
( 0 , (N — 2 s)/ 2 ) such that 


(4.3) 


'h s v(a) = 0 . 


We will denote by ag the solution of (14.31) . 
Then, by (11.61) with tp := u and (14.11) . we get 


/ 

Jr 1 


tr s dx = -cw. 


(4.4) 


f f \u(x)-u(y)\ 2 f . 2 2 

/ / —;-rxFwi —dxdu — 9 / \x\ \u(x)f dx 

JrnJ r n | x-y\ N + 2 ° J R N l 1 1 1 

Cjv,s f f 

Jr n Jr 1 


\x — y| A +2s 
\v a (x) - v a (y)\ 2 dx dy 


2 Jrn J r n \x - y\ N + 2s \x\ a \y\ 

On the other hand, recalling that 

(4.5) v a (x) := \x\ a u(x), 

with a = ag, from (14.4|) we get 

C N. S f f \v a (x)-v a (y )| 2 dx dy 


(4.6) 


ii/ [ 

' Jrn Jri 


2 7i»jv JwN \x - y\ N + 2s |x|“ |y| u J R N \x\ 


[ 

Jr 1 


Va s (x) 


a-2t 


dx. 


This suggests to define the space H 


s.a r\n>N\ 


as the closure of C'^°(M JV ) with respect to the norm 


non H s < a 

We also define 


I I Irv9* 

Irn |xr 2 = 


■ dx 


+ 


/ / 

Jrn Jri 


(x) - fi(y )| 2 dx dy \ 2 

_ 7 ,|A+2s l^j a |y|a 


|x - y | 


W‘ s,a (R JV ) := (0 : —>■ M measurable : < +oo}. 

Note that, following e.g. [18], one has that the space coincides with H s,a (M. N ). 

Remark 4.4. Notice that Lemma \J.1\ says that equality (SI]) holds true for functions u G 
(^(K^ \ {0}). Actually, by a density argument one can prove that it holds for any u G H S (M. N ). 

Indeed, one first approximates a function u G H S {U . N ) with a function u t G Cq°(R n ). Then, 
one uses a standard cut-off argument near zero. In this way, one can see that in the left hand 
side of S31) it is possible to pass to the limit. 

In order to pass to the limit also in the right hand side of S3]). one needs to notice that, by the 
representation formula, Cauchy sequences are sent into Cauchy sequences and we are working in 
Hilbert spaces. Therefore, the conclusion follows by observing that on the left hand side we have 
a Cauchy sequence since it is convergent. 
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As a consequence of the ground state representation given by Lemma f4.il we will transform our 
problem (|l.ll) into another nonlocal problem in weighted spaces. Namely, we consider u G H s (M. N ) 
that is a solution of the problem 

(—A) s u = + u 2 *- 1 in M. N \ {0}, 

\x\ zs 

and we set v a (x) := \x\ a u(x) with a = ag given by (14.311 . 

By Lemma 14.11 Remark 14.41 and [T], it follows that v a G H s,a (W. N ). 

Furthermore, we introduce the operator (—A Q ) S , defined as duality product 


(4.7) 


< (-A a ) s v,(j)>= I I 
JM. N JS. 1 


(v(x) - v{y)){(t>{x) - (f(y)) dx dy 


\x — y\ N + 2s 


\y\ c 


for any f> G H s,a (R N ). With this notation, we have that v a 


is a weak solution to 


(4-8) (-A a ) i u = n ^ in K , 

\x\ a 

namely for any (j) G H s,a (R N ), 

(v(x) - v{y)){4>(x) - <p(y)) dx dy _ f u 2 - _1 (x) 

\x-y\N+2s |x| a \y\ a J R N |x|"' 2 s nX) ■ 

Summarizing, with the ground state representation we have hidden the Hardy potential and the 
cost is that we now have to handle (—A a ) s , that is an elliptic operator with singular coefficients. 

On the other hand, to get the exact behavior of the solution u to m near the origin and at 
infinity, it is sufficient to get an L°° estimate and the Harnack inequality for v a . This is the main 
goal of the forthcoming Subsections 14.21 and 14.31 



4.2. A regularity result: the L°° estimate. In this section we prove a regularity result for 
weak solution of (14.81) . More precisely: 


Proposition 4.5. Let a G (0, (N — 2s)/2). Let v G H 

7.2J-1 

(-A n Yv = 


irs.a/iD) N\ 


be a nonnegative weak solution of 


\a-2t 


m . 




Then v G L°°(R N ). 


Proof. Let us define for j3 > 1 and T > 0 


0(*) = 0/8,t(*) 


tP, if 0 <t<T 

PT^ifb-T) + T^, if t > T. 


We observe that (as in the case of the standard fractional laplacian (—A) s (-), see [28]) it holds 
in the weak distributional meaning that 


(-A a )V(u) < ft(v)(-A a ) s v, v G H s,a (R N ). 


(4.9) 
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Since (j>pr is a Lipschitz function it follows that (/>pt(v) £ H s,a (WL N ). By using the weighted 
Sobolev inequality we have 


(4.10) 

On the other hand, 

(4.11) 


CN, 

~2 

> 2Ei 


f f \<Kv(x)) - <Kv(y)) I 2 dx dy 
' Jr* Jr» \x - y\ N + 2s \x\ a \y\ a 


Ml 2 ** dx 


a-2* 


2 ■ S(N,s,a ) 
using (14. Op . we get 

f 0 M(-A q ) s 0 (u) < [ (v)(-A a ) s v 

JR N JR N 

^>(v)^(v)v z »~ 1 dx <P [ (0(v))V :_2 |-£ 

M3 Jrn \x\ a ‘ 


I 'r\ u )'r \ U J U | |ry.9* — / u 

Jm M * Jrn 

where we used that t(p'(t) < P4>(t). From (14.101) and (14.111) we obtain 

o 


l«- 2 J ’ 


(4.12) 


>(«)! 2 


2 

dx \ 2 ? 
|x| a ' 2 s 


<cpf 2 — 

Jr n 


|x| a ' 2 * ’ 


for some positive constant C. Now, in order to apply the Moser’s iteration technique in and 
get then the local boundedness of the solution, we take into account that 


V 2 s 


o* 

* = T 


(4 ’ 13) [ N J^f <+0 ° 

Jr n Fl s 

and we estimate the right hand side of (|4.12l) . Let 
(4.14) 

and let m £ K + to be chosen later. We have 
(4.15) 

Ci3 Sj^- 2 w^ 

= cp [ 

J{i 


' {v<m}rWL N 1*^1 s 


< 


™ r ( Hv )) 2 ^*- 2 , 

1 J {v >m } nm M 2 “ \x\^*s-2) aX 

CP [ (^fm^-^ + Cp 

J{v<m}ns. N m 3 


im) 


| 2 ; \ 2 i 


V 


2^-2 

2 j 


where in the last term 
(14.131) holds, we can fix 


'{v>m}nR N M“' 2 * 
we used Holder inequality with exponents 


{«>m}nR 1Y I®I 3 


I {v>m}nR N 



1 

“ 2 CP’ 
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and then from (14.121) and (|4.15|) we obtain 


W«)l s 


dx \ 2 : 


|x| a ' 2 s 


2*—2 


< C/3m 


< C/3m 2 * a ~ 2 [ 

Jm 




dx 


|x|“' 2 s 


, 2 A 


dx 


r n \x\ a ' 2 *s 


< +oo, 


where we used that p>{t) < t@, (14.131) and (14.141) . By Fatou’s lemma, taking T +oo one has 


(4.16) 


[ \vf 2 * 

Jr n 


dx \ 2 


x\ a ' 2 s 


< "boo. 


The result now, follows using Moser’s iteration, see e.g. [ ]28t Theorem 13]. For k > 1, let us define 

{Pk} by 

2/3 k+1 + 2* s - 2 = 2* s /3 k and Pi = \ 

Then from (14.121) and using (14.161) . iterating we obtain 


[ \v\^ k+1 ' 2 

Jr n 


dx 


| x |a- 2 * 




dx \ n(P k - 1 ) 


IR N \ x 


o- 2 j 


If we denote 


Ah := 


,|Afc' 2 * 


dx \ 2fT^Fi) 


|x|“' 2 s 


Cfc := (Cp k )^^., 


we get the recurrence formula < Cfc+iAfc, > 1. Arguing by induction we have 

fc+i 

(4.17) log A k+ i < Y j log Cj + log Ai 

3 =2 
+ 00 


< log Cj + log Aj < +oo, 


3 =2 


+oo 


since the serie ^^logC-,- < +oo is convergent (recall that (3 k +i = Pi {Pi — 1 ) + 1 ) and A\ < C, 
1=2 

see (14.161) . For R > 0 fixed, using (14.171) . it follows 


log 


'b r 


,\Pk+l' 


2 * dx \ 2 s(/^fc+i b 
|x| a ' 2 * 


< C 


and then 


a 


1 


log — + log 


{Pk+ i-l) 

Since p k +oo as —> oo, we have 


| v |/3fc+i'2 s 


'B h 


2|(/9 fc+1 -l) 


< c. 


log 


I \vf k+1 ' 2 
JBr 


dx 


2f(/3 fc+1 -l) 


<C, 


with (7 a positive constant not depending on R. This end the proof since 

7+00 {J Br l '' |A+I ' 2: iX ) 2 '““‘ = 
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and thus 

which gives the desired result. 


I^llz/ 00 (R JV ) < 


□ 


4.3. Harnack inequality for v a . A good reference in order to understand the differences be¬ 
tween the Harnack inequality for local and nonlocal operators related to the fractional Laplacian is 
the paper [24] . However, such a paper does not apply directly to the operator (—A a ) s introduced 
in (ED, because of the singularities of the coefficients of the operator. 

For our purposes we are going to use the following weak Harnack inequality, that has been 
obtained in [ 2 j. 

Theorem 4.6. Let a E (0, ( N — 2s)/2). Let v E H s,a (M. N ) be a nonnegative solution of 

2* — l 

(4.18) (~A a ) s v = ^ inR N . 

Then, for 1 < q < N N 2s the following inequality holds true 

(4.19) ( f v q dn(x)j q < C(q,N, s) mf v, dy(x) := 

For the readers convenience we describe the strategy of the proof in a schematic way and we 
refer to [2] for the details. The functional framework needed to prove Theorem 14.61 can be found 
in Appendix B of [3j, where a Harnack parabolic inequality is obtained for the heat equation 
corresponding to the elliptic operator (—A a ) s . 

The proof of Theorem 14.61 is carried out using classical arguments by Moser and by Krylov- 
Safonov. 

In the local case (that is, when s = 1 and the fractional Laplacian reduces to the Laplacian), 
the Harnack inequality for elliptic operator with weights has been proved in [12] . In the nonlocal 
case, we also refer to the paper EH, in which the authors consider nonlinear operators of nonlocal 
p-Laplacian type. We also refer to Chapter 7 of the book of Giusti [20] . 

For simplicity of notation, we will write B r in place of H r (0). Moreover, we will use the notation 

dx dxdy 

du '■= i , 0 and dv := - - . » f . „ . . . . . 

|x| 2 “ \x - y\ N+2s \x\ a \y\ a 

The first result toward the proof of the Harnack inequality is contained in the following lemma, 
where we check that, even in the presence of singular weights, we get a propagation of positivity 
result. More precisely: 

Lemma 4.7. (Propagation of positivity) Assume that v G H s ’ a (R N ), with v ^ 0 in Br( 0) with 
0 < R < 1, is a supersolution to (|4.18p . Let k > 0 and suppose that for some a E (0,1], we have 

(4.20) | B r n {u > k}\ d/1 > a\B r \ dfl 

with 0 < r < jg, then there exists a positive constant C = C(N, s ) such that 

(4.21) | B er n {v < 25k}\ dfl < — — — j— \B er \dfj, 

CTl °g(2ij) 

for all 5 G ( 0 , |). 
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We also mention the paper m, that contains some estimates that are useful to handle radial 
weights. 


An iterative argument as in Lemma 3.2 in m gives the following local estimate on the infimum 
of v. 

Lemma 4.8. Assume that the hypotheses of Lemma f.l are satisfied. Then there exists 5 E (0, 
such that 


(4.22) 


inf v > 5k. 
B^ r 


Since the weight \x\ 2a is an admissible weight in the sense defined in [ 22 ], we obtain the 
following reverse Holder inequality for v. 


Lemma 4.9. (Reverse Holder inequality) Suppose that v is a nonnegative supersolution to (14. 18[i . 
then for all 0 < 71 < 72 < N N o s , we have 


(4.23) 



< C 



In order to prove the main result of this section, we also need to estimate an average of v 
by the infimum in a small ball. For this, we state the following covering lemma in the spirit of 
Krylov-Safonov theory (see |25] for a proof in a very general framework). 

Lemma 4.10. Assume that E C B r (x 0 ) is a measurable set. For 5 E (0, 1), we define 

[E]# := lj{5 3p (a:) n B r (x 0 ),x E B r (x 0 ) : | E n B 3p (x)\ d p > 5\B p (x)\ d p}. 

p> 0 

Then, there exists C depending only on N, such that, either 

(1) \[ E ]sW > j\E\ dp, or 

( 2 ) \-^\s = B r (x 0 ). 

With this, we can have the following: 


Lemma 4.11. (Main result) Assume that v is a nonnegative supersolution to M.18IL then there 
exists rj E (0,1) depending only on N, s such that 

(4.24) ( .p 1 . [ v r, dfi{x)) ri < Ciniv. 

^ I | dfi J B r 


Proof. For any rj > 0 we have, 
(4.25) 


I B r | dp, 


r rOG 

/ v v dn(x ) =r) t v 
J B r JO 


_i B r n {u > 

I B r | dp 


dt. 


For any t > 0 and i E N, we set A\ := {x E B r : v(x) > t5 *}, where 5 is given by Lemma [4~8l It 
is easy to check that A\~ l C A\. 
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Let x € B r such that L?3 P (0) flB r C [A\ 1 ]^, then 

IA Ll B3 p (x)\d[i > 8\B p \d[t = g Ar _2 7 \B3p\dn- 
Hence, using Lemma 14.81 we obtain that 

v(x) > SltS 1-1 ) = tS l for all x G B r . 

Thus C A l t . Therefore, using the alternatives in Lemma 14.101 we obtain that 

• either A\ = B r 

• or \A 2 t \ d p > j\Al -1 \ d/1 . 

Hence, if for some m G N we have 

f S\ m 

( 4 . 26 ) \A^\d/i > \^qJ \^r\dfii 

then | A^p = \ B r | du, ■ Therefore A\ = B r and then 

inf v > tS m . 

B r 


It is clear that (14.261) holds if m > —f-^r- log ( 

lo s(l) V 


B 


Fix m as above and dehne 


It follows that 


log 


r\dfi 


c 


log (S) 


/?:= 


inf ?; > tS , 

Br \ | | d/i 


We set £ := inf^ v, then 


\B r Pi {v > t}\ d p _ \A§\ d p 

\BrW ~ \B r \ d p - 5 • 


Going back to (14.251) . we have 

-i r ra roo 

—— / v^dtuix) < r) / tf-'dt + r)C / S-H-*i*dt. 

\Br\dfi JB r J 0 Ja 

Choosing a = £ and r/ = f, we obtain the desired result. 

Proof of Theorem \4.6\ Using Lemma 14.111 we obtain that 

i 

1 


uPd^{x)) <Cinfu 

Br 


□ 


J B r 

for some q G (0,1). Fixed 1 < q < N N 2s , and applying Lemma (TUI with 71 := 7 and 72 := q, 
there results that 


/ 


(4.27) 


I B r | d p 


u q dfj, \ < C 


B r 


r- f U V d[i 

4 r | du J 


\ 


\B3 \ d p 
2 B 3 
2 
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Hence 



which concludes the proof of Theorem 14.61 


< C inf u, 


□ 


We refer to [2] for all the technical details of the proofs above and to Appendix B in [3] for the 
functional inequalities for weighted fractional Sobolev spaces needed in the proofs of the previous 
lemmata. 


Remark 4.12. With the L°° estimate and the weak Harnack inequality we could obtain the 
classical Harnack inequality. We omit the details because they are quite classical. 


4.4. Proof of Theorem 11.71 We start studying the behavior of the solution u near the origin. 
Defining 

Vag(x) = \x\ 016 u(x), 

for Rq > 0, by the Harnack inequality, see Theorem 14.61 we get that 

(4.28) Ch inf v ag (x ) > [ [ v q dx ] > Co, 

Br o V b r 0 J 

for some positive constant co- On the other hand, Proposition 14.51 implies the existence of a 
positive constant Co such that 


(4.29) 


v ae (x)<C 0l x £ B Rq . 


Then, from ()4.28l) and (|4.29l) (recalling that v ae (x) = \x\ ae u(x)), it follows 


cp 

x\ ae 


< u(x) < 


Co 

x\ ae 


in B Ro . 


Thus, recalling (|1.12|> . 


(4.30) 


co 


\x 


l (1 


~ve ) 1 


< u(x) < 


Co 


\x 


l (1 


~ue)~ 


in B Ro . 


In order to study the behavior of u(x) at infinity, we use the Fractional Kelvin transform, see 
e.g. EH Proposition A.l], Let x —> x* = x/\x : the inversion with respect to the unit sphere and 
let us define 


(4.31) u*{x) := |x| 2s N u{x*). 

Then, from EH Proposition A.l] we have that 

(4.32) (-A) s u*(x) = —p^ T 2 l(-A) s «(x*), x ± 0. 
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Using ill. II) and (14.321) . formally we obtain that 


(-A ) s u*(x) = 


|x| 7V+2 ‘ 

u*(x) 

u M2s 


FF ] 2* 1 


2s 


+ K> 


FF 

21—1 


x/0. 


Moreover, from m Lemma 2.2 and Corollary 2.3] we have that u* G H S (R N ) and it is a weak 
solution of the problem 


(4.33) 


(-A )*u*(x) = + ( u*) 2t ~ 1 in R N \ {0}. 


Then arguing as in the first part of the proof, for a fixed 1/Roo > 0, there exist two positive 
constants c a0 and C Q0 such that 


(4.34) 


\ x \ a e 


< u*(x) < 


■—;— in B i 

\x\ ae Roc 


Scaling back in (14.341) . see (I4.3ip . we obtain 


(4.35) 


|x|F+ 


ve ) 1 


< u(x) < 


C n 


in R N \ B Ro 


|x|F+ 


Ve ) 1 


Redefining constants, from (14.301) and (14.351) . we get (11.111) . and this concludes the proof of 
Theorem m 
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